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Abstract  
In this research paper, a pricing method on derivatives, here taking European options on 
Dow Jones index as an example, is put forth with higher level of precision. This method is able to 
price options with a narrower deviation scope from intrinsic value of options. The finding of this 
pricing method starts with testing the features of implied volatility surface. Two of three axles in 
constructed three-dimensional surface are respectively dynamic strike price at a given time point 
and the decreasing time to maturity within the life duration of one strike-specified option. General 
features of implied volatility surface are justified by the real trading data. With the dynamic strike 
price and variable volatility, option price is assumed to reflect the market expectation towards the 
performance of underlying asset and accompanied uncertainty when approaching the maturity. 
Therefore, the applications of implied volatility, local volatility and realized volatility are 
involved in the pricing of derivatives, because of their respective compatibilities of the forward-
looking expectation, the stochastic parameter and the tight fit to the real return distribution. In the 
researching and analysing process, it is found that the realized volatility and the real return 
distribution are the derivative pricing combination with highest accuracy in the three categories of 
volatility. The implied volatility fails to fit the derivative price for its emphasis on market 
expectation and lack of independence from existing model, at the meantime, the local volatility 
loses its ground in practical application in pricing derivatives, with insufficient small-interval data 
of transactions. 
 
Keywords:  Implied volatility surface; Local volatility; Realized volatility; Volatility smile; 
Volatility Skew; Return probability distribution; Derivative pricing; Pricing accuracy 
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Executive Summary 
In our research, we mainly focus on the methodology to enhance accuracy in the pricing 
of derivatives. A more precise pricing method involves trial applications of the implied volatility 
surface, local volatility, realized volatility and real return probability distribution. Procedures to 
improve the Black-Scholes Model include 
• Black-Scholes Model with the assumptions that price option volatility strike price 
and time to maturity are all fixed when pricing options, in which pricing convexity 
deviates real price from theoretical price; 
• Based on the above limitation in the Black-Scholes Model, considering different 
measurements of volatility used in the model and other parameters may bring effect 
on pricing; 
• Specifying and comparing the pricing effects of three different volatilities 
respectively applied to the model in the trial and error phase; 
• Combination of realized volatility with real return probability distribution shows an 
advantage in this comparison, for its compatibility of varying volatility and a tight fit 
to performance of derivatives. 
With in-depth analysis, technical modelling and rigid deduction, we conclude that options 
on index can be more accurately priced under our improved Black-Scholes Model, in which the 
fixed volatility and standard normal distribution are respectively supplemented by realized 
volatility and real return distribution. The application of local volatility in pricing is limited to 
some practical degree. 
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1: Introduction 
1.1 Research Topic 
Asset pricing methods and corresponding risk management have together been an 
intractable issue for decades, since the profitability of derivatives emerged and prospered, with 
folded and unfolded risk exposures. In this context, the desperate need to develop appropriate 
method to price assets and to innovate proper measurements of uncertainty is of great value to 
asset managers, authorized traders as well as risk analysts at the buy-side. 
To better research on the asset pricing theory and risk managing techniques in 
transactions on options, we studied the relationship between the implied volatility (σimv) of 
options on indexes, the local volatility (σloc) and the realized volatility (σrea). With deeper 
understanding about the volatility relationship, the research continues to elaborate on pricing 
method using a new transformed probability distribution of return, with mapping techniques. At 
the meanwhile, the implied volatility surface (IVS) is well employed in the research to justify the 
presence of volatility smile and general feature existing in the implied volatility surface, 
subsequently, facilitating the measurement of relative risk exposure. The implied volatility 
surfaces take three series of parameters into 3-dimentional figures, time to maturity (T), strike 
prices (K) and implied volatilities (σimv).  
1.2 Research Motivation 
The finding in volatility relationship to price options on indexes is of practical value and 
forward-looking meaning for asset managers when make decisions to invest in options and 
monitor the index volatilities (VIX), as an important measurement of market risk and an efficient 
tool to adjust the transaction price. The pricing method put forth in this research enables asset 
managers and fund risk managers to monitor the movements of market and calculate the 
appropriate adjustment on trading prices (or closing prices). After adjusting, the scope between 
the transaction price and the expected price is narrowed down, in this case, asset managers price 
options with higher precision. 
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In the Black-Scholes Model (Black & Scholes, 1973), assumptions are held to calculate 
option price. In this context, the interest rate and volatility of underlying asset price are neither 
assumed dynamic and the underlying asset return is assumed to be normal distribution. It is 
obvious that assumptions are unrealistic in real market, and further adjustments have been widely 
proposed to improve the pricing accuracy. One among many others is the addition of Stochastic 
Volatility (SV) (Hull & White, 1987), (Heston, 1993) into the pricing model. Thereafter, the 
complex reasoning and rigorous assumptions limited the efficiency of option and asset pricing. 
The historical probability distribution of underlying asset returns is more closed to real asset 
performance. This probability distribution is mapped to fit the historical movements of individual 
asset, thus more specialized, or customized, to the researching assets. With the combination of 
realized volatility, implied volatility and real probability distribution, we are capable to price 
options on indexes at a higher precision. 
For asset managers and financial derivative traders, a more accurate option pricing 
method that is specialized for trading security is more useful than generalized method. On the 
other aspect, the risk managers for investment in market gain direct access to the relationship 
between investors’ expectation in the market to the future volatility and the historical realized 
volatility. This multi-lateral relationship bridges the history and the future of market response and 
expectation to underlying asset and therefore take investor expectation and behavior into account.  
1.3 Summary of Results 
Results of our research are displayed in the way of 2-dimentional and 3-dimentional 
figures, data tables, programming works and a series of numerical outputs.  
In the first part of our research, we find several facts that the implied volatility (σimv) of a 
put option is higher than that of a call option on the same underlying asset; simultaneously, the 
existence of volatility skew1 in an option that has the feature of carrying not only a relatively 
lower strike price (K) but also a relatively higher implied volatility (σimv). This justifies the 
finding of volatility skew phenomena in the book ‘options, futures and other derivatives’ (Hull J. 
                                                     
1 Volatility skew 
 Volatility skew and volatility smile both are a varying volatility process. Volatility smiles are implied 
volatility patterns that arise in pricing financial options. In given maturity, options which are either deep 
in-the-money or out-of-the-money command higher prices than that the standard option pricing model 
estimates, and carry higher implied volatility. Options on foreign currency are typically in volatility 
smile, while options on equity usually show volatility skew, with the volatility tail skewed to left. 
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C., 2003) and that in the technical paper of ‘De-arbitraging With a Weak Smile: Application to 
Skew Risk’ (Mahdavi Damghani & Kos, 2013). The justification of volatility skew effect in 
equity asset helps our further research on accuracy enhancement in pricing options with 
volatilities. 
With the theoretical support from our first part of research, we proceed to the pricing 
model improvement in the second part of our research. In our improved option pricing model, we 
are capable to rise the accuracy level of the estimation on option market value. In both the 
laboratorial data modelling and the back-testing with trading data, we succeed in modifying the 
option closing prices to be convergent to its fair value, of which the calibration stems from 
several modifications to the Black-Scholes Model – the employment of return mapping and 
realized volatility (σrea). Having the outputs and functioning principles of our innovative option 
pricing model back-tested, it is found that there is still space for improvement for our model and 
more research can be worked on, besides the innovative aspects. 
1.4 Novel Aspect 
The novelty and innovation of our pricing method is exhibited in two forms. One is 
justification on the features of implied volatility (σimv) and its surface, which represents the 
future expectation of underlying asset performance, as well the finding of limitation in applying 
local volatility (σloc) to use. The other one is the merge of historical volatility (σrea) and 
customized return distribution, which stands for the historical investor response and market 
sensitivity to the underlying asset. The volatilities are obtained from the market movements and 
trading activities.  
Compared to the Black-Scholes model, which is static in terms of time and volatility, the 
time to maturity and dynamic process of volatility are added into pricing. Thus, the results are 
more closed to the option market price.  
1.5 Thesis Structure 
Based on above preparation, research and introduction, the remained thesis is organized 
in the order of Literature Review, Data and Summary Statistics, Theory and Methodology, 
Results and Interpretations, and Conclusions. In the first following section, Literature Review, the 
referred articles and works are partially listed and summarized into the most directly effective 
conclusions or methods that are regarded as theoretical foundations in our research and thesis. 
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The next section of Data and Summary Statistics section is examples and samples of researched 
objective – option prices, implied volatility (σimv, inversely deducted from the Black-Scholes 
model with option market prices), realized volatility (σrea, obtained from historical option market 
return), etc.; figures of implied volatility surface (3-dimensional) of different options; data tables 
of partial data and charts real return probability distribution; etc. Background Theory and 
Necessary Definitions is related to useful concepts, relationships and effects as prerequisite and 
researching environment for our pricing method. With above parts well demonstrated, the core 
methodology and overall outline are illustrated in the remaining Methodology section, of which 
the results and corresponding interpretations on the method are subsequently thrown light upon in 
the Results and Interpretations. Conclusions are drawn thereafter, followed by additional 
statements on some potential improvements that can be further worked on with this pricing 
method.   
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2: Literature Review 
Numerous papers have studied the implied volatility surface and its relationship with 
related fields.  
‘Relative Implied Volatility Arbitrage with Index Options – Another Look at Market 
Efficiency’ (Ammann & Herriger, 2001) discovered whenever the relative implied volatilities 
were found to violate a specific boundary, a relative implied volatility mispricing was identified. 
However, after taking bid-ask spread into consideration, the probability of arbitrage is small and 
not all of the arbitrage opportunities detected could actually have been executed because of 
various arbitrage barriers in special market situations.  
‘Predictable Dynamics in the S&P 500 Index Options – Implied Volatility Surface’ 
(Goncalves & Guidolin, 2004) found the truth that it is impossible to forecast the S&P 500 Index 
options implied volatility surface through linear regression of time to maturity and moneyness.  
He also established an approach to predict implied volatility by modeling the cross-sectional 
variation of implied volatilities as a function of polynomials in moneyness and time to maturity 
and by estimating parametric VAR-type models.  
In 2011, ‘Implied Volatility Surface: Construction Methodologies and Characteristics’ 
(Homescu, 2011) offered a great number of methodologies to construct IMV surface. Moreover, 
they discussed several factors which would impact the accuracy of the construction of implied 
volatility surface like the put-call parity, bid-ask spread, strike price and time to maturity. 
‘Arbitrage-free SVI Volatility Surfaces’ (Gatheral & Jacquier, Arbitrage-free SVI 
Volatility Surfaces, 2013) illustrated the way to calibrate SVI (Stochastic Volatility Inspired) 
parameter with the implied volatility surface when there are no arbitrage opportunities in the 
market. They successfully derived a formula to calibrate them and the quality has been proved 
through the 2013 SPTSX options data.  
‘Analyzing Volatility Risk and Risk Premium in Option Contracts: A New Theory’ (Carr 
& Wu, 2010) discovered a specific option pricing algorithm for institutional investors to monitor 
and manage the options position in their portfolio based on short term fluctuation of the IMV, and 
to find arbitrage opportunities in market. They also constructed and made a comparison between 
the implied, expected and realized volatilities.  
‘The Predictive Power of Implied Volatility of Options Traded OTC and on Exchanges’ 
(Yu, Lui, & Wang, 2008) proved that option price derived from historical volatility and expected 
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volatility calculated through GARCH model are inferior than market price (implied volatility) 
which showed the efficiency of the OTC option market.  
‘The Relation between Implied and Realized Volatility’ (Christensena & Prabhalab, 
1998) investigated the accuracy of implied volatility by comparing it with the realized volatility 
and found it is inefficient to price options by integrating implied volatility with historical 
volatility. 
‘Dynamic Estimation of Volatility Risk Premia and Investor Risk Aversion from Option-
Implied and Realized Volatilities’ (Bollerslev, Gibson, & Zhou, 2005) proposed a new 
methodology to construct an investor risk aversion index measuring the expected volatility 
premium. The index was established through calculating high-frequency five-minute-based 
realized volatility and actual S&P 500 option implied volatility. Extracted volatility risk premium 
was also proved to help estimate future stock market returns. 
‘Volatility Dynamics for the S&P500: Evidence from Realized Volatility, Daily Returns 
and Option Prices’ (Christoffersen, Jacobs, & Mimouni, 2008) improved the SQR model (Affine 
Square Root Stochastic Volatility Model) to increase the accuracy of option valuation. They 
replaced the square root diffusion with linear diffusion for variance and the new model has the 
lowest option implied volatility mean squared error in and out-of-sample of index returns. It has 
also been proved to fit the at-the-money options and offers a better volatility term structure and 
implied volatility skew. 
‘A Simple Long Memory Model of Realized Volatility’ (Corsi, 2004) proposed a new 
realized volatility model to forecast the volatility based on time-series theory. It uses the 
Heterogeneous Autoregressive model of the Realized Volatility (HAR-RV) to simulate the 
volatility which includes many characteristics of financial data: fat tail, autocorrelation and long 
memory. 
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3: Background Theory and Necessary Concepts 
3.1 Background Theory 
The Black-Sholes-Merton model (BS model) is a classical option pricing method, firstly 
proposed by Fischer Black2, Myron S. Scholes3 and Merton4 in 1970s. The BS model has several 
assumptions on the market for consisting of at least one risky asset (called the stock in most 
cases), and one risk-free asset (called the money market, cash or bond for most time). To further 
elaborate on these assumptions in detail, they are listed as follows: 
1) Rf, risk-free rate, the rate of return on the riskless asset is constant and thus called the 
risk-free interest rate. (The constancy and variability of risk-free interest rate would 
be discussed and explained in remaining parts.) 
2) Random walk, the instantaneous log return of sock price is an infinitesimal random 
walk with drift; more precisely, it is a geometric Brownian motion, and assumes its 
drift and volatility is constant. 
3) The stock does not pay a dividend. 
4) There is no arbitrage opportunity (i.e., there is no theoretical way to gain a risk-free 
profit). 
5) It is possible to borrow and lend any amount, even fractional, of cash at the risk-free 
rate. 
6) It is possible to buy and sell any amount, even fractional, of the stock (shorting 
selling is included). 
7) The above transactions do not incur any fees or cost (i.e., frictionless market). 
Additionally, the notations that used in the BS model to price options are given below: 
Ѕt, the stock price at time t, which sometimes is a random variable or constant in some 
cases. 
C(S, t), the price of a European call option. 
                                                     
2 Fischer Black 
3 Myron S. Scholes 
4 Merton 
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P(S, t), the price of a European put option. 
K, the strike price of the option on underlying asset. 
r, the annualized risk-free interest rate, continuously compounded (the force of interest). 
µ, the annualized drift rate of S. 
σ, the standard deviation of the stock’s returns, the square root of the quadratic variation 
of the stock’s log price process, the measurement of volatility of stock return. 
N(x), the notation of standard normal cumulative distribution function, 
𝑵(𝒙) =  
𝟏
√𝟐𝝅
∫ 𝒆−
𝒛𝟐
𝟐
𝒙
−∞
𝒅𝒛 
The BS formula calculates the price of European put and call options. The value of a call 
option for a non-dividend-paying underlying stock in terms of the BS parameters is in the form 
of: 
𝑪(𝑺𝒕, 𝒕) = 𝑵(𝒅𝟏)𝑺𝒕 − 𝑵(𝒅𝟐)𝑲𝒆
−𝒓(𝑻−𝒕) 
𝒅𝟏 =
𝟏
𝝈√𝑻 − 𝒕
[𝒍𝒏 (
𝑺𝒕
𝑲
) + (𝒓 +
𝝈𝟐
𝟐
) (𝑻 − 𝒕)] 
𝒅𝟐 = 𝒅𝟏 − 𝝈√𝑻 − 𝒕 
For a put option, the pricing formula derived from the BS model takes the form of: 
𝑷(𝑺𝒕, 𝒕) = 𝑲𝒆
−𝒓(𝑻−𝒕)𝑵(−𝒅𝟐) − 𝑺𝒕𝑵(−𝒅𝟏) 
𝒅𝟏 =
𝟏
𝝈√𝑻 − 𝒕
[𝒍𝒏 (
𝑺𝒕
𝑲
) + (𝒓 +
𝝈𝟐
𝟐
) (𝑻 − 𝒕)] 
𝒅𝟐 = 𝒅𝟏 − 𝝈√𝑻 − 𝒕 
Based on the BS model, with given model parameters including St, K, r, t, T, µ, C(St, t), 
P(St, t) and the standard normal distribution to generate the N(d1) and N(d2), the volatility σ of 
the underlying asset price in the time horizon of T can be backward inducted, which is called the 
deduction of implied volatility, σimv.  
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3.2 Necessary Concepts 
3.2.1 Implied Volatility Surface (Surface of Implied Volatility, IVS) 
Analyzing Volatility Risk and Risk Premium in Option Contracts – A New Theory (Carr 
& Wu, 2010) set a series of assumptions on the model to generalize the implied volatility surface 
model with general features. The assumptions of implied volatility surface model are elaborated 
on in the research paper of Carr and Wu as follows: 
1) The investment market must have at least one risk-free bond, one risky asset and one 
continuum of vanilla European options with the risky asset as the underlying asset. 
2) In the market, interest rate and carrying cost or yield are constant and equal to zero 
for the risky asset. 
3) In practical implementation, investor can readily accommodate a deterministic term 
structure of financing rates by modeling the forward value of the underlying security 
and defining moneyness of the option against the forward. 
4) Transactions in the market are frictionless and those between the stock and bond have 
no arbitrage opportunity 
5) There exists a risk-neutral probability measure ℚ, equivalent to the statistical 
probability measure ℙ, such that the stock price S is a martingale. 
The stock price, implied volatility of vanilla option and their correlated relationship in 
between are in the forms of: 
𝒅𝑺𝒕 𝑺𝒕⁄ = √𝒗𝒕𝒅𝑾𝒕 
𝒅𝑰𝒕(𝑲, 𝑻) = 𝝁𝒕𝒅𝒕 + 𝝎𝒕𝒅𝒁𝒕 
𝔼𝒕[𝒅𝑾𝒕𝒅𝒁𝒕] = 𝝆𝒕𝒅𝒕 
Let B(S, σ, t; K,T): ℝ+ × ℝ+ × [𝟎, 𝑻) ↦ ℝ+be the BS model formula for a European put 
option: 
𝑩(𝑺, 𝝈, 𝒕; 𝑲, 𝑻) ≡ 𝑲𝑵 (
𝒍𝒏(𝑲 𝑺⁄ )
𝝈√𝑻 − 𝒕
+
𝝈√𝑻 − 𝒕
𝟐
) − 𝑺𝑵 (
𝒍𝒏(𝑲 𝑺⁄ )
𝝈√𝑻 − 𝒕
−
𝝈√𝑻 − 𝒕
𝟐
) 
This can be described as, 
𝑰𝒕
𝟐(𝒌) = 𝒂𝒕 +
𝟐
𝝉
√(𝒌 − 𝒃𝒕)𝟐 + 𝒄𝒕 
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with 
𝒂𝒕 =
−𝟐(𝟏 − 𝟐𝒆−𝜼𝒕𝝉𝒎𝒕𝝉 − 𝒆
−𝜼𝒕𝝉𝝎𝒕𝝆𝒕√𝝂𝒕𝝉)
𝝎𝒕
𝟐𝝉𝟐
 
𝒃𝒕 = −
𝝆√𝝂𝒕
𝒆−𝜼𝒕𝝉𝝎𝒕
 
𝒄𝒕 =
(𝟏 − 𝝆𝒕
𝟐)𝝂𝒕
𝒆−𝟐𝜼𝒕𝝉𝝎𝒕
𝟐 +
(𝟏 − 𝟐𝒆−𝜼𝒕𝝉𝒎𝒕𝝉 − 𝒆
−𝜼𝒕𝝉𝝎𝒕𝝆𝒕√𝝂𝒕𝝉)
𝟐
𝒆−𝟒𝜼𝒕𝝉𝝎𝒕
𝟒𝝉𝟐
 
where 𝒎𝒕, 𝝎𝒕, and 𝜼𝒕 are stochastic processes that do not depend on K, T, or I(K, T). 𝝎𝒕 
is constricted to be a strictly positive process with no loss of generality.  
In the paper of ‘A closed-form solution for options with stochastic volatility with 
applications to bond and currency options’ (Heston, 1993), the diffusion of the variance is 
specified as proportional to the square root of the variance, namely the volatility, employing the 
affine variance rate dynamics. However, it relies heavily on affine setting mainly for pricing 
tractability. 
By the analysis in the book ‘The volatility surface: a practitioner’s guide’ (Gatheral, The 
Volatility Surface: A practitioner's Guide, 2006), the more general form for the implied variance 
smile that involves five free covariates in stochastic volatility inspired (SVI) model, but it is not 
demonstrated that how these five coefficients should vary across different time to maturities. 
𝑰𝒕
𝟐(𝒌) = 𝒂 + 𝒃 [𝝆(𝒌 − 𝒎) + √(𝒌 − 𝒎)𝟐 + 𝝈𝟐] 
 The theoretical literatures so far are about the induction of dynamic implied volatility. 
Implied volatility is the estimated or expected volatility of asset price, a looking-forward 
measurement. Consequently, when the market is bearish, σimv declines with the market negative 
expectations and fear to the future market performance; while the market investors expect 
positively on the future performance of this asset, σimv rises. As the feature of σimv that it is a 
forward measurement of price fluctuating magnificence (deviation from the average).  
The implied volatility surface (IVS) is the three-dimensional surface of the multi-lateral 
relationship among the implied volatility (σimv, derived reversely from the BS model), the strike 
price (K, of each option), and time to maturity (T-t). Typically, for options on an underlying asset 
of foreign currency forwards, implied volatility (σimv) displays itself in the shape of “smile” with 
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accordance to strike price, K, reaching the bottom point when the option is at-the-money, that is 
the strike price equals to the stock price at time, K = T, and this situation is called volatility smile. 
For options on the underlying asset of equities, implied volatility (σimv) is in the shape of 
“skewed smile”, called volatility skew. 
3.2.2 Local Volatility (σloc) 
Local volatility is a concept and innovative volatility measurement proposed by Bruno 
Dupire in 1993. In BS model and the backward reasoning of implied volatility, the deduction 
relies heavily on the strike price of options and respective maturity in the life time of options. To 
build a spot process with less dependence on option strike price, in the research paper of ‘pricing 
and hedging with smiles’ (Dupire, Pricing and Hedging with Smiles, 1993) and its subsequent 
research ‘pricing with smiles’ (Dupire, Pricing with Smiles, 2004), the local volatility concept is 
firstly come up with and improved, which both is compatible with the observed volatility smiles 
at all maturities and keeps the BS model complete. 
Assume that the interest rate is zero, for a given maturity T for a European option, the 
collection of option price with different strike prices f(K, T) yields the risk-neutral density 
function φT of the spot at time T, differentiated twice with respect to K to obtain the risk-neutral 
probability density of the spot being equal to K at time T (take an European call for instance), 
𝑪(𝑲, 𝑻) = ∫ 𝐦𝐚𝐱 (𝑺 − 𝑲, 𝟎)𝝋𝑻(𝑺)𝒅𝑺
∞
𝟎
 
𝝋𝑻(𝑲) =
𝝏𝟐𝑪
𝝏𝑲𝟐
(𝑲, 𝑻) 
Solving this equation of probability density function to get a solution dictated by the spot 
stock price S and binomial tree models consistent with the volatility smile effect in the article of 
‘riding on a smile’ (Derman & Kani, 1994), 
𝝏𝑪
𝝏𝑻
=
𝝈𝟐(𝑲, 𝑻; 𝑺𝟎)
𝟐
𝑲𝟐
𝝏𝟐𝑪
𝝏𝑲𝟐
− (𝒓 − 𝒒)𝑲
𝝏𝑪
𝝏𝑲
− 𝒒𝑪 
The deduction for local volatility given by above Dupire’s formula is, 
𝝈(𝑻, 𝑲) =
𝟏
𝑲
√𝟐
𝝏𝑪
𝝏𝑻 +
(𝒓 − 𝒒)𝑲
𝝏𝑪
𝝏𝑲 + 𝒒𝑪
𝝏𝟐𝑪
𝝏𝑲𝟐
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In practically calculating the local volatility of options, it is not accessible to capture the 
theta of option (
𝝏𝑪
𝝏𝑻
) or to demonstrate the second derivative of option price on strike price (
𝝏𝟐𝑪
𝝏𝑲𝟐
). 
Thus, a supplemented calculating method with more accessible compositions is used in measuring 
the local volatility. 
3.2.3 Realized Volatility (Historical Volatility, σrea) 
Realized volatility, also called historical volatility and denoted as σrea, is the 
measurement of deviation magnificence in option price. Realized volatility takes a historical 
scope and derived from previous trading day data, therefore reflects the fluctuation of historical 
risk at the most closed degree. It is assumed to be widen with the risk level rising and to be 
narrowed with the decrease of risk. 
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4: Data and Statistics Summary 
In order to obtain accurate data to calculate the realized volatility, local volatility, implied 
volatility and to build its surface, we need several components. Since the options we researched 
are on market index, components include prices, within a range of time to maturity (T), of options 
matured at the same time and on the same underlying index with different strike prices (K) and 
risk-free rate (Rf). 
4.1 Underlying asset 
In the United States, exchange traded options are available for hundreds of stocks and for 
several indices. At first, we began our research on options on stocks which belong to the Standard 
& Poor’s 500 index. We downloaded option prices of 500 stocks from Bloomberg5, all of which 
matured on July 21st, 2017. In order to collect option price of market meaning, we chose options 
with high liquidity and with more than 30 days to expire because when the option is closed to the 
maturity the implied volatility will be extremely high and meaningless due to the price of options 
would never reach or below zero. Moreover, implied volatility of options with low liquidity 
cannot precisely reflect market’s expectation of stock price. Based on that rule, we picked up both 
call and put options on 33 stocks, each with seven different strike prices. The implied volatilities 
are calculated through the closing ask price of options and the underlying stock. The risk-free rate 
used to calculate the implied volatilities is USD LIBOR overnight rate.  
After we found the problems of options on stocks, we decided to change our target to 
options on index which are more liquid. We restarted data collection process on options on Dow 
Jones Index which matured during the period between 2014 and 2015 from WRDS6. The reason 
why we choose Dow Jones as our objective is that there have been numerous papers on Standard 
                                                     
5 Bloomberg 
Bloomberg L.P. provides financial software tools such as an analytics and equity trading platform, data 
services, and news to financial companies and organizations through the Bloomberg Terminal (via its 
Bloomberg Professional Service). 
Most of data used in the research and study during the time of this program is from the database of 
Bloomberg. 
6 WRDS 
 Wharton Research Data Service (WRDS) provides the broad collection of financial, economic, 
healthcare, marketing data, analytics, and the most robust computing infrastructure available, all backed 
by the credibility and leadership of the Wharton School. 
 Data sources from third-party data vendors include S&P Global Market Intelligence, NYSE, CRSP, 
Thomson Reuters, etc. 
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& Poor’s 500 index. We used data from WRDS instead of Bloomberg because we have limited 
access to the data of options which matured after 3 months before the day we downloaded the 
data while we were able to download the data of options that matured before mid of 2016. We 
chose the options based on the same rule we used on stock options, after which, we started the 
analyse on the call and put options matured on Dec.19 2015  
4.2 Strike Price 
Due to the fact that these options were all issued on Jan 2nd, 2015 and during this period 
the price of Dow Jones fluctuated between $156.66 to $183.12, so we chose the options with K 
ranging from $155 to $185 whose interval is $5. 
4.3 Risk-free Rate 
We chose USD LIBOR overnight rate as the risk-free rate. LIBOR is the mean of interest 
rates provided by several important lending banks in market and the reason why we chose 
overnight LIBOR rate as risk free rate is that we suppose the LIBOR rates which have a longer 
horizon take the credit risk, market risk and liquidity risk into consideration.   
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5: Methodology 
Basically, our analysis can be divided into two major steps. Firstly, we generated the 
implied volatility surface through Black-Scholes Model and found the possible reasons for this 
situation. Secondly, we tried to modify the Black-Scholes Model to calculate a more reasonable 
option price than the market price. 
5.1 Building Implied Volatility Surface 
Normally, Black-Scholes Model is used to calculate the option price based on the K, 
underlying price, volatility and time to maturity, however, in the first step, we used strike price, 
market price of Dow Jones, risk-free rate and market price of option as datum to calculate the 
implied volatilities through Matlab. After we generate the implied volatility surface, we need to 
analyze the features of the surface and discuss the possible reasons for this phenomenon that may 
direct our improvement. 
5.2 Improvement of Black-Scholes 
Secondly, after our analysis on implied volatility surface and previous papers, two 
assumptions may result in the biases in Black-Scholes Model: constant volatility and returns 
which accord with normal distribution. Therefore, we tried to modify these two assumptions to 
improve the accuracy of Black-Scholes Model.  
In terms of volatility, we decided to utilize realized volatility and local volatility which 
are dynamic. After calculating the realized volatility and local volatility, we need to confirm the 
rationality of them and choose the better one through the correlation between them and the 
implied volatility. 
Before we find methods to enhance the assumption of returns of normal distribution, it is 
important to demonstrate the differences between normal distribution and real return distribution. 
Figure 5-1 shows the cumulative function of normal distribution and real return., while Figure 5-2 
exhibits the probability density of real return against the normal distribution. The real return 
distribution carries the features and moments displayed in Table 1. 
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Figure 5-1 Real CDF Distribution of Return Vs. Normal CDF Distribution 
 
 
Figure 5-2 Real PDF Distribution of Return Vs. Normal PDF Distribution 
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Table 1 Moments and Features of Real Return Distribution 
Moments & Features Values 
Mean 0.0494% 
Standard deviation 0.9589% 
Skewness -0.2514 
Kurtosis 1.8899 
Sample size 232 
Maximum in sample 0.0388 
Minimum in sample -0.0364 
 
It is easy to find that the real return tends to have a fatter tail than normal distribution. 
Methods to improve the Black-Scholes model relies on improvement on several components 
related to the assumption of normal distribution: 𝑵(𝒅𝟏), 𝑵(𝒅𝟐) and 𝒍𝒏(𝑺 𝑲⁄ ) in call option and 
𝑵(−𝒅𝟏), 𝑵(−𝒅𝟐) and 𝒍𝒏(𝑺 𝑲⁄ ) in put option.  
In Black-Scholes model, 𝒍𝒏(𝑺 𝑲⁄ ) could be treated as a start point in the random walk, 
measuring the difference between current underlying asset price and the strike price. Moreover, 
the distance is measured under the assumption of normal distribution. Therefore, we tried to mend 
𝒍𝒏(𝑺 𝑲⁄ ) through the following formula mapping the 𝒍𝒏(𝑺 𝑲⁄ ) from normal distribution to the 
real return distribution. 
𝒍𝒏(
𝑺
𝑲
)𝒏𝒆𝒘 = 𝑰𝒏𝒗𝒆𝒓𝒔𝒆𝑹𝒆𝒂𝒍𝑪𝑫𝑭 {𝑵𝒐𝒓𝒎𝑪𝑫𝑭[
𝒍𝒏(
𝑺
𝑲
)
𝒕
]} × 𝒕 7 
Except the 𝒍𝒏(𝑺 𝑲⁄ ), 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐) are also based on the assumption of returns of 
normal distribution as (𝒓 +
𝝈𝟐
𝟐
)(𝑻 − 𝒕) is the formula for the random walk.  
To be specific, (𝒓 +
𝝈𝟐
𝟐
) shows the possible movement per day which multiplied by time 
to maturity to get the possible movement before maturity. 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐) measure the 
probability of the movement to actually happen, in other words, 𝑵(𝒅𝟏) measures the probability 
of the option is in-the-money (Asset or nothing) at expiry that use stock as a numeraire and 
𝑵(𝒅𝟐) measures the probability of the option is in-the-money (Cash or nothing). The 
                                                     
7 InverseRealCDF 
 The function to find the corresponding return to the value of cumulative real distribution function. 
  NormCDF 
 The function to find the corresponding value of cumulative normal distribution function to the return. 
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probabilities of them are both calculated under the assumption of returns of normal distribution, 
therefore, we decided to improve the 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐) by following formula. 
𝑵(𝒅𝟏)𝒏𝒆𝒘 = 𝑹𝒆𝒂𝒍𝑪𝑫𝑭(𝒅𝟏) 
8
 
𝑵(𝒅𝟐)𝒏𝒆𝒘 = 𝑹𝒆𝒂𝒍𝑪𝑫𝑭(𝒅𝟐) 
After we determine several possible methods to modify the Black-Scholes model, we 
need to figure out the best way to improve it through trying on the different combination of the 
methods. (Excluding local volatility here because it has been proved to be meaningless in our 
research due to our data.) Following are the combination of the modified input we tried during 
our experiment. 
1) Realized Volatility 
2) Realized Volatility & mapped 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐) 
3) Mapped 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐) 
4) Realized Volatility & mapped 𝑵(𝒅𝟏), 𝑵(𝒅𝟐) and𝒍𝒏(𝑺 𝑲⁄ ) 
We use the following formula to compare the deviation scope from intrinsic value of 
options of market price and new price. 
𝑬𝒓𝒓𝒐𝒓𝟏 = ∑
(𝑹𝒆𝒂𝒍 𝑷𝒂𝒚𝒐𝒇𝒇𝒊  −  𝑴𝒂𝒓𝒌𝒆𝒕 𝑷𝒓𝒊𝒄𝒆𝒊)
𝟐
𝒏
𝒏
𝒊=𝟎
 
𝑬𝒓𝒓𝒐𝒓𝟐 = ∑
(𝑹𝒆𝒂𝒍 𝑷𝒂𝒚𝒐𝒇𝒇𝒊  −  𝑵𝒆𝒘 𝑷𝒓𝒊𝒄𝒆𝒊)
𝟐
𝒏
𝒏
𝒊=𝟎
 
When Error2 is smaller than Error1, we can state that the New Price is more reasonable 
than the Market Price. In the end, we need to back test our results to confirm that the 
improvement makes sense in normal by estimating the market value of another option through 
our model. 
                                                     
8 RealCDF 
 is the function to find the corresponding value of cumulative real return distribution function to the 
return 
  28 
6: Results & Interpretations 
6.1 Implied Volatility Surface and Volatility Smile 
Here’s the graph of the implied volatility surface of equity. Figure 6-1 is the implied 
volatility of call and Figure 6-2 shows the implied volatility surface of put on the same stock.  
Due to the fact that the trading volume was very small, therefore, the implied volatility 
surface of put option looks very strange and we hope that in the future we will further study on 
the possible arbitrage of under this circumstance and the reason behind this phenomenon. 
(Strange implied volatility surface and differences between implied volatilities of call and put on 
the same stock).  
Table 2 Implied Volatility of Call Option on Equity (20 trading days) 
T-t 75 77.5 80 82.5 85 87.5 90 
72 20.70% 20.72% 21.90% 19.54% 20.64% 20.19% 18.97% 
71 23.59% 23.47% 23.69% 23.22% 21.59% 22.05% 21.02% 
70 23.51% 23.58% 24.70% 23.28% 23.24% 22.48% 21.82% 
67 21.54% 23.50% 23.48% 23.79% 23.48% 23.14% 22.72% 
66 23.08% 23.94% 24.64% 24.58% 24.66% 25.24% 24.39% 
65 25.74% 25.48% 25.28% 25.20% 25.13% 25.01% 24.78% 
64 25.02% 25.08% 25.22% 25.02% 25.01% 24.61% 24.72% 
63 27.31% 26.81% 26.70% 27.50% 27.49% 27.19% 27.85% 
60 24.88% 25.70% 25.71% 26.55% 25.60% 26.15% 26.16% 
59 21.35% 24.01% 23.37% 24.99% 24.63% 24.92% 25.05% 
58 22.39% 25.92% 25.99% 26.11% 25.94% 25.62% 26.00% 
57 21.28% 23.61% 24.27% 23.93% 24.68% 25.28% 24.66% 
56 22.85% 24.23% 24.44% 24.55% 25.36% 25.14% 24.92% 
52 18.28% 20.68% 22.30% 23.23% 23.73% 23.21% 23.53% 
51 16.44% 18.97% 16.45% 19.45% 18.27% 17.92% 19.40% 
50 14.60% 17.27% 18.74% 18.76% 19.45% 17.95% 19.07% 
49 12.77% 19.02% 19.55% 19.78% 20.10% 19.74% 19.70% 
46 19.67% 23.17% 24.31% 24.54% 24.30% 23.44% 24.36% 
45 20.04% 20.82% 22.69% 23.17% 22.74% 21.65% 23.29% 
44 24.45% 24.02% 24.29% 23.50% 23.07% 22.50% 23.17% 
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Figure 6-1 Implied Volatility Surface of Call Option 
 
 
Figure 6-2 Implied Volatility Surface of Put Option 
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Figure 6-3 Implied Volatility Surface of Call on Dow Jones 
 
Figure 6-4 Implied Volatility Surface of Put on Dow Jones 
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The implied volatility surfaces of options which have high trading volume on Dow Jones 
Index are more reasonable than that on equity. Figure 6-3 and Figure 6-4 demonstrate the implied 
volatility surface of DJ index. 
The implied volatility of call and put show similar trend in this period and the implied 
volatility of put are slightly higher than that of call. More importantly, it is clear to confirm the 
existent of Volatility Smile and Volatility skew as in Figure 6 -5, the implied volatility of options 
with lower K are higher than those with relative higher. 
 
Figure 6-5 Implied Volatility Skew 
 
These two phenomena are both resulted from the same reasons. First of all, implied 
volatility to some extent reflects investors’ expectation to the price of the underlying asset at 
expiry. Normally, even in bullish market, when the market did decline, those declines were (on 
average) more sudden and more severe than advances. In other words, the market tends to 
increase relatively slower than the speed of declining and that’s why investors would be 
concerned about the probability of the sudden decrease in the price of underlying asset. Secondly, 
the volatility of bear market is much higher than that of bull market according to the historical 
data. More importantly, the Black-Scholes model assume that the return accord to normal 
distribution which is different from the expectation of the investors and is different from the real 
return distribution of the market.  
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Therefore, the implied volatility of put will be higher than that of call on the same 
underlying asset and the implied volatility of options with lower K tends to be higher than that of 
options with higher K. 
6.2 Local Volatility and Realized Volatility 
After we confirmed the volatility skew, we tried to figure out if it is reasonable to 
calculate the option price by local volatility and realized volatility. 
 Table 3 shows the part of the results of local volatility. 
Table 3 Local Volatility of Dow Jones (20 trading days) 
Strike price 155 160 165 170 175 180 
Time to maturity 
      
348 11.54% 14.43% 9.21% 8.62% 8.09% 6.94% 
347 2.94% 3.72% 2.28% 2.11% 1.22% 1.14% 
346 11.90% 12.80% 10.03% 9.22% 7.13% 7.12% 
345 7.57% 8.53% 7.21% 4.13% 4.72% 10.70% 
344 8.66% 9.54% 8.29% 7.50% 5.93% 5.38% 
341 7.21% 5.10% 4.11% 4.78% 3.23% 3.23% 
340 8.83% 17.07% 5.10% 6.92% 5.10% 4.21% 
339 12.77% 9.46% 7.42% 7.79% 5.89% 5.82% 
338 1.86% 7.21% 4.93% 3.95% 4.04% 1.44% 
337 2.24% 4.02% 5.27% 4.72% 11.63% 2.59% 
333 5.00% 1.86% 4.56% 2.73% 2.99% 1.32% 
332 11.63% 18.81% 5.15% 8.16% 5.27% 5.03% 
331 2.58% 2.74% 3.58% 4.78% 3.23% 2.40% 
330 11.33% 5.85% 7.68% 6.10% 4.93% 4.70% 
327 22.12% 6.77% 21.15% 7.42% 6.45% 5.69% 
326 14.31% 10.70% 8.61% 9.31% 7.39% 5.75% 
325 1.61% 6.16% 6.65% 1.14% 1.22% 3.64% 
324 1.61% 1.61% 7.76% 1.77% 1.08% 1.52% 
323 6.45% 3.82% 2.73% 2.40% 2.44% 1.77% 
320 12.18% 10.40% 9.99% 7.39% 6.27% 6.84% 
 
It is easy to find that the local volatilities are not reasonable as the local volatilities 
fluctuate significantly. We suppose that the reason for this phenomenon is the large interval of K. 
Afterwards, we calculate the realized volatilities and here is the line graph (Figure 6-6 & Figure 
6-7) of the realized volatilities compared to the implied volatilities of options with different K. 
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Figure 6-6 Implied Volatility Vs. Realized Volatility in A Call Option 
 
 
Figure 6-7 Implied Volatility Vs. Realized Volatility in A Put Option 
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Table 4 Market Performance Exhibit for Spike in Realized Volatility of Call Option on Dow Jones Index 
Date 
Underlying 
Asset Price 
Realized 
Volatility 
150 155 160 165 170 175 180 185 
17/08/2015 175.45 12.51% 14.09% 13.86% 14.61% 14.35% 13.49% 12.27% 10.99% 9.73% 
18/08/2015 175.11 12.48% 14.21% 15.16% 15.08% 14.60% 13.74% 12.51% 11.16% 9.84% 
19/08/2015 173.49 12.49% 16.78% 16.76% 16.17% 15.32% 14.26% 12.80% 11.35% 10.16% 
20/08/2015 169.91 12.73% 18.64% 18.04% 17.27% 16.12% 14.89% 13.48% 12.15% 11.11% 
21/08/2015 164.6 13.30% 22.92% 21.34% 18.95% 17.71% 16.10% 14.62% 13.72% 13.17% 
24/08/2015 158.71 14.02% 27.40% 25.27% 23.37% 21.57% 19.79% 18.22% 17.40% 17.24% 
25/08/2015 156.66 14.07% 25.37% 23.61% 21.88% 20.22% 18.67% 17.66% 17.28% 17.50% 
26/08/2015 162.86 14.83% 21.95% 20.60% 19.37% 17.96% 16.52% 15.29% 14.66% 14.77% 
27/08/2015 166.55 15.05% 21.10% 20.50% 19.13% 17.92% 16.54% 15.01% 13.78% 13.31% 
28/08/2015 166.43 15.00% 22.63% 21.40% 20.19% 18.73% 17.30% 15.79% 14.64% 14.17% 
31/08/2015 165.28 14.98% 23.64% 22.68% 20.90% 19.47% 17.92% 16.23% 15.22% 14.53% 
01/09/2015 160.58 15.35% 25.83% 24.27% 22.58% 20.96% 19.32% 17.87% 17.00% 16.22% 
02/09/2015 163.51 15.46% 22.47% 21.43% 20.04% 18.66% 17.28% 15.88% 14.91% 14.05% 
03/09/2015 163.75 15.42% 23.77% 22.45% 20.89% 19.27% 17.56% 16.09% 14.97% 14.17% 
04/09/2015 161.02 15.51% 24.42% 22.82% 21.33% 19.67% 17.97% 16.63% 15.85% 15.16% 
 
Table 5 Market Performance Exhibit for Spike in Realized Volatility of Put Option on Dow Jones Index 
Date 
Underlying 
Asset Price 
Realized 
Volatility 
150 155 160 165 170 175 180 185 
17/08/2015 175.45 12.51% 22.23% 20.99% 19.67% 18.40% 16.94% 15.58% 14.48% 14.16% 
18/08/2015 175.11 12.48% 22.41% 21.08% 19.80% 18.50% 17.08% 15.62% 14.53% 14.23% 
19/08/2015 173.49 12.49% 22.10% 20.82% 19.48% 18.12% 16.74% 15.31% 14.15% 14.11% 
20/08/2015 169.91 12.73% 23.24% 21.84% 20.44% 19.05% 17.66% 16.38% 15.73% 16.19% 
21/08/2015 164.6 13.30% 24.85% 23.49% 21.88% 20.38% 19.14% 18.33% 22.14% 24.21% 
24/08/2015 158.71 14.02% 28.80% 26.88% 24.80% 23.19% 22.23% 22.51% 29.44% 30.60% 
25/08/2015 156.66 14.07% 27.98% 26.22% 24.62% 23.29% 22.36% 22.47% 23.60% 25.58% 
26/08/2015 162.86 14.83% 26.98% 25.05% 23.61% 22.13% 21.10% 21.02% 21.88% 23.84% 
27/08/2015 166.55 15.05% 26.72% 25.10% 23.50% 22.00% 20.63% 19.76% 20.02% 21.43% 
28/08/2015 166.43 15.00% 27.65% 25.90% 24.21% 22.64% 21.22% 20.21% 20.31% 21.54% 
31/08/2015 165.28 14.98% 27.60% 25.81% 24.02% 22.31% 20.82% 19.82% 19.64% 20.67% 
01/09/2015 160.58 15.35% 28.69% 26.89% 25.23% 23.64% 22.24% 21.69% 21.79% 23.57% 
02/09/2015 163.51 15.46% 27.38% 25.73% 24.12% 22.63% 21.46% 20.88% 21.44% 23.22% 
03/09/2015 163.75 15.42% 27.01% 25.14% 23.35% 21.79% 20.36% 20.37% 19.53% 29.09% 
04/09/2015 161.02 15.51% 27.53% 25.78% 24.13% 22.64% 21.41% 20.83% 21.48% 23.02% 
 
In the Figure 6-6 and Figure 6-7, the spikes present are stemmed from the market sudden 
surge in the late August 2015, during which the price of call option on Dow Jones index dipped 
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from around USD$175 to less than USD$160 in four trade days. Thereafter, the option price 
fluctuated around the level of USD$163, instead of the previous “reversed mean” – USD$175. 
Hence, the realized volatility calculated from the existing market data is accumulative on the base 
on the volatility of one hundred trading days before the inception of the option. Consequently, 
this remarkable price change brings material influence on the overall realized volatility, that is 
sudden spikes in both figures. The related market data around those dates is offered above as the 
Table 4 and Table 5.  
It is obvious that realized volatility shares similar trend with implied volatility and at the 
same time we could find that the implied volatilities have a higher volatility than the realized 
volatilities have. Actually, implied volatilities are able to reflect the expectations of investors, 
while realized volatility actually reflects the historical volatility. According to the paper 
“Volatility Dynamics for the S&P500: Evidence from Realized Volatility, Daily Returns and 
Option Prices” written by Christoffersen (Christoffersen, Jacobs, & Mimouni, 2008), “realized 
volatility acts perfect in fitting numerous samples of index returns, and it has the lowest option 
implied volatility mean squared error in-and out-of- sample, and it provides a more realistic 
volatility term structure.” Therefore, we decided to use the realized volatility to calculate the new 
option price.  
6.3  Results of Different Improvement Methods on Model  
In the first place, results of improvement on call option can be seen in Table 6 Trial and 
Error below. 
It is easy to find that if we only map 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐) the Error2 is larger than Error1 
which shows the failure of only mapping the random walk part. Although realized volatility has 
the lowest option implied volatility mean squared error, using realized volatility only to estimate 
the option value is not a good choice. The results of the combination of these two changes is also 
not more precious than the market price.  
Only when we map the start point and the random walk part as well as use the realized 
volatility, we can get a more accurate option value than the market price. 
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Table 6 Trial and Error 
 K=150 K=155 K=160 K=165 K=170 K=175 K=180 K=185 
Error1 59.2597 63.5848 71.2214 83.4970 102.8287 134.5293 188.9858 278.7836 
Error21
9
 64.6016 68.5382 75.8779 99.9243 149.0622 231.4155 331.8590 336.1852 
Error22
10
 60.0939 63.0231 68.8651 80.6716 103.4314 144.2960 212.1916 316.1664 
Error23
11
 61.7133 65.6911 72.8229 87.3704 139.0549 232.6047 372.3005 404.8855 
Error24
12
 49.4533 57.5891 68.7873 83.1860 100.7876 121.7290 147.7702 178.7074 
   
6.4 Back-testing 
We back-tested the improvement through the put option on Dow Jones index which 
matured at the same day and we find that our improvement in total behaved better than the market 
price except when the K equals 185. 
Table 7 Back-testing Error 
                                                     
9 Error21 
It is the Error2 when we only map the 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐). 
10 Error22 
It is the Error2 when we only use realized volatility to calculate the new price. 
11 Error23 
It is the Error2 when we map 𝑵(𝒅𝟏) and 𝑵(𝒅𝟐) together with the realized volatility to calculate the new 
price. 
12 Error24 
It is the Error2 when we map 𝑵(𝒅𝟏), 𝑵(𝒅𝟐) and 𝒍𝒏 (𝑺 𝑲⁄ ) together with the realized volatility to 
calculate the new price. 
 K=150 K=155 K=160 K=165 K=170 K=175 K=180 K=185 
Error1 556.7564 370.0751 227.7318 126.8845 63.1989 30.6516 20.5360 21.4646 
Error2 434.3270 290.50 176.3071 91.2666 35.2838 8.1801 9.6128 38.1632 
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In order to figure out the reason for the mistake, Table 8 shows part of the option value 
when K is 185 after the improvement.  
Table 8 Partial Testing Result 1 (K=185) 
Index Price Market Price New Price Error1 Error2 
$179.66 $10.3 $6.39 11.63 53.62 
$178.9 $10.8 $6.52 8.47 51.75 
$179.47 $10.55 $6.42 2.13 53.21 
$175.96 $13.25 $6.28 0.66 49.21 
$176.2 $12.9 $6.42 2.13 55.14 
 
We could find that when the market price is high, the accuracy of the improvement is not 
satisfying. Following is the table for part of the period when the improvement is more accuracy 
than market price. 
Table 9 Partial Testing Result 2 (K=185) 
Index Price Market Price New Price Error1 Error2 
$163.3 $23.35 $12.06 92.93 2.71 
$164.33 $22.35 $12.15 74.65 2.42 
$166 $22.7 $13.05 80.82 0.43 
$167.4 $20.35 $12.47 44.09 1.52 
$166.75 $19 $12.46 27.98 1.56 
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It is amazing to find that when the market price is at a relative lower point, our 
improvement shows a wonderful function to estimate the option value. We are not sure that if it is 
only an accident and in the future, we need to do more back-testing on our improvement on 
Black-Scholes model and confirm the accuracy of it. 
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7: Conclusion 
7.1 Justification to Features of Volatility Smile, Volatility Skew and 
Implied Volatility Surface 
During our research, we have several features of implied volatility surface justified and 
supported by the real market trading data. 
7.1.1 Implied Volatility of Put Vs. Implied Volatility of Call  
The implied volatility of a put option, in the existing theory, is assumed to be higher than 
that of a call option on the same underlying asset. This phenomenon results from the fact that the 
market tends to crash at a higher velocity than the market to boom. Therefore, short position of 
put option needs to assume a more significant downside risk than short call position. Higher risk 
forces put sellers to ask for a higher premium and results in a higher implied volatility. 
Moreover, options are always used as a method to hedge the risk of downside movement 
of market. Thus, the demand for put options is larger than that for call options driving higher 
price and higher implied volatility of put option. 
7.1.2 Volatility smile 
Implied volatility of options on equity with lower K is always higher than that with higher 
K. The reason behind is that implied volatility has the characteristic to reflect investors’ 
expectation of market movement and the real return of market always has a fatter negative tail. 
Sometimes, during the bullish market, options with higher K will have a higher implied volatility 
than options with lower K. After the announcement of M&A, the implied volatility will show the 
dual peak feature as investors gamble on the failure or success of M&A. 
7.2 Application and Possible Limitations of Local Volatility 
7.2.1 Application 
Local volatility models are always used to compare the assumptions of derivative 
valuation models. Local volatility is also utilized to predict volatility while most of pricing 
models treat volatility as a random number or as a constant number. Its compatibility to stochastic 
volatility in valuation makes its results and theory more acceptable among the contemporary 
market. 
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7.2.2 Possible Limitation 
While trying to calculate the local volatility, we find that local volatility requires option 
data to be high-frequency and high-intensity. In other words, we need a great number of option 
prices to calculate the local volatility as the interval of K should be extremely small and the time 
interval should also be very tiny, to maintain the continuousness of model, which requires 
substantial data and high quality of data collection process.  
However, those requirements do not go along with the real market well. Trading market, 
or central clearing houses, are always accessible to options with strike prices differ each other by 
a multiple of USD$2.5 among equities, and this strike price interval goes even wider with options 
on indexes, usually at USD$5. This status quo drives the local volatility model affectless in 
valuation.  
7.3 Higher-Accuracy Pricing Model with Realized Volatility and 
Return Distribution 
The model has been proved to be able to increase the accuracy of Black-Scholes Model 
using our samples through following two methods. 
7.3.1 Replace the Constant Volatility with Realized Volatility 
The Black-Scholes Model assumes that the volatility is constant which is not realistic in 
market. Therefore, we use the realized volatility to calculate the value of options instead of 
constant volatility. There are several advantages of realized volatility 1) It is dynamic, 2) Short 
term realized volatility is stronger than that of absolute return volatility, 3) Volatility of realized 
volatility is lower than that of implied volatility.  
7.3.2 Mapping 
The Black-Scholes Model is based on the assumption that return accord with normal 
distribution which is also not realistic in market. Therefore, mapping the components in Black-
Scholes model related to normal distribution to real return distribution is an effective way to 
improve the accuracy of Black-Scholes Model. 
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7.4 Future Research 
Based on our research on the implied volatility surface on options of equity, we could try 
to figure out the possible risk-free arbitrage opportunity under that circumstance. Moreover, we 
need to test our improvement through other samples to find the advantages of our model and the 
limitation of our model.   
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Appendix 
Table 10 Realized Volatility and Implied Volatility of Call Option (Excerpts) 
T 
Realized 
Volatility 
155 160 165 170 175 180 185 
19/06/2015 12.82% 15.95% 15.79% 15.32% 14.63% 13.42% 12.77% 11.73% 
22/06/2015 12.79% 12.71% 14.12% 14.16% 13.66% 13.01% 12.05% 11.16% 
23/06/2015 12.74% 12.41% 13.83% 14.03% 13.62% 12.81% 12.02% 11.09% 
24/06/2015 12.76% 13.92% 14.63% 14.40% 13.82% 13.05% 12.12% 11.10% 
25/06/2015 12.73% 14.99% 15.15% 14.79% 14.23% 13.25% 12.32% 11.29% 
26/06/2015 12.68% 14.25% 14.61% 14.37% 13.88% 13.07% 12.09% 11.21% 
29/06/2015 12.94% 17.04% 16.62% 16.10% 15.23% 14.25% 13.28% 12.31% 
30/06/2015 12.89% 17.23% 16.82% 16.06% 15.03% 14.01% 12.99% 11.96% 
01/07/2015 12.89% 15.86% 15.21% 14.91% 14.21% 13.47% 12.50% 11.53% 
02/07/2015 12.84% 16.59% 16.24% 15.68% 14.92% 13.85% 12.89% 11.78% 
06/07/2015 12.79% 15.71% 15.90% 15.48% 14.91% 13.94% 12.96% 11.96% 
07/07/2015 12.76% 15.50% 15.61% 15.18% 14.50% 13.69% 12.74% 11.73% 
08/07/2015 12.88% 18.11% 17.39% 16.65% 15.81% 14.72% 13.60% 12.50% 
09/07/2015 12.84% 18.57% 17.69% 16.84% 15.82% 14.70% 13.56% 12.42% 
10/07/2015 12.90% 16.98% 16.50% 15.87% 15.19% 14.05% 13.04% 11.95% 
13/07/2015 12.96% 14.42% 14.17% 14.16% 13.78% 12.77% 12.08% 11.22% 
14/07/2015 12.92% 13.35% 14.53% 14.07% 13.49% 13.16% 11.92% 10.95% 
15/07/2015 12.87% 13.27% 13.14% 13.51% 13.20% 12.57% 11.79% 10.80% 
16/07/2015 12.84% 13.18% 12.85% 13.15% 12.98% 12.33% 11.44% 10.46% 
17/07/2015 12.79% 13.09% 12.72% 13.20% 12.94% 12.22% 11.46% 10.46% 
20/07/2015 12.74% 13.00% 12.30% 12.85% 12.91% 12.24% 11.42% 10.45% 
21/07/2015 12.77% 10.24% 13.19% 13.30% 12.92% 12.25% 11.32% 10.34% 
22/07/2015 12.73% 10.47% 13.01% 13.20% 12.82% 11.99% 10.96% 10.10% 
23/07/2015 12.72% 12.11% 13.20% 13.35% 13.03% 12.18% 11.19% 10.22% 
24/07/2015 12.74% 14.09% 14.28% 14.01% 13.38% 12.48% 11.50% 10.53% 
27/07/2015 12.73% 14.68% 14.94% 14.51% 13.85% 12.76% 11.79% 10.89% 
28/07/2015 12.76% 13.05% 13.71% 13.66% 13.16% 12.24% 11.21% 10.29% 
29/07/2015 12.75% 12.00% 13.64% 13.62% 13.21% 12.30% 11.24% 10.16% 
30/07/2015 12.71% 11.96% 13.63% 13.45% 12.94% 12.17% 11.21% 10.09% 
31/07/2015 12.67% 13.02% 13.47% 13.87% 13.13% 12.28% 11.23% 10.20% 
03/08/2015 12.64% 9.50% 12.44% 12.81% 12.58% 11.86% 10.91% 9.91% 
04/08/2015 12.61% 12.02% 13.58% 13.60% 12.94% 12.04% 11.02% 9.94% 
05/08/2015 12.56% 13.04% 13.84% 13.77% 13.18% 12.22% 11.09% 10.05% 
06/08/2015 12.55% 14.33% 14.66% 14.35% 13.57% 12.54% 11.36% 10.33% 
07/08/2015 12.52% 13.96% 14.30% 14.11% 13.36% 12.30% 11.15% 10.11% 
10/08/2015 12.60% 11.65% 13.63% 13.59% 13.03% 12.10% 11.06% 9.97% 
11/08/2015 12.66% 15.28% 15.13% 14.72% 13.86% 12.75% 11.50% 10.46% 
12/08/2015 12.62% 15.05% 15.19% 14.62% 13.79% 12.68% 11.46% 10.31% 
13/08/2015 12.58% 15.13% 15.28% 14.72% 13.76% 12.67% 11.33% 10.16% 
14/08/2015 12.54% 14.32% 14.80% 14.40% 13.58% 12.37% 11.05% 9.91% 
17/08/2015 12.51% 13.86% 14.61% 14.35% 13.49% 12.27% 10.99% 9.73% 
18/08/2015 12.48% 15.16% 15.08% 14.60% 13.74% 12.51% 11.16% 9.84% 
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T 
Realized 
Volatility 
155 160 165 170 175 180 185 
19/08/2015 12.49% 16.76% 16.17% 15.32% 14.26% 12.80% 11.35% 10.16% 
20/08/2015 12.73% 18.04% 17.27% 16.12% 14.89% 13.48% 12.15% 11.11% 
21/08/2015 13.30% 21.34% 18.95% 17.71% 16.10% 14.62% 13.72% 13.17% 
24/08/2015 14.02% 25.27% 23.37% 21.57% 19.79% 18.22% 17.40% 17.24% 
25/08/2015 14.07% 23.61% 21.88% 20.22% 18.67% 17.66% 17.28% 17.50% 
26/08/2015 14.83% 20.60% 19.37% 17.96% 16.52% 15.29% 14.66% 14.77% 
27/08/2015 15.05% 20.50% 19.13% 17.92% 16.54% 15.01% 13.78% 13.31% 
28/08/2015 15.00% 21.40% 20.19% 18.73% 17.30% 15.79% 14.64% 14.17% 
31/08/2015 14.98% 22.68% 20.90% 19.47% 17.92% 16.23% 15.22% 14.53% 
01/09/2015 15.35% 24.27% 22.58% 20.96% 19.32% 17.87% 17.00% 16.22% 
02/09/2015 15.46% 21.43% 20.04% 18.66% 17.28% 15.88% 14.91% 14.05% 
03/09/2015 15.42% 22.45% 20.89% 19.27% 17.56% 16.09% 14.97% 14.17% 
04/09/2015 15.51% 22.82% 21.33% 19.67% 17.97% 16.63% 15.85% 15.16% 
08/09/2015 15.74% 21.86% 20.40% 18.88% 17.24% 15.68% 14.44% 13.64% 
09/09/2015 15.79% 21.57% 20.19% 18.59% 16.86% 15.40% 14.42% 13.81% 
10/09/2015 15.75% 20.93% 19.55% 18.08% 16.39% 14.97% 14.12% 13.47% 
11/09/2015 15.73% 20.57% 19.25% 17.87% 16.35% 14.78% 13.88% 13.34% 
14/09/2015 15.69% 21.04% 19.65% 18.16% 16.50% 15.01% 14.00% 13.10% 
15/09/2015 15.73% 20.27% 19.08% 17.71% 16.10% 14.50% 13.46% 12.54% 
16/09/2015 15.72% 19.58% 18.46% 17.06% 15.45% 13.78% 12.56% 11.68% 
17/09/2015 15.68% 18.93% 17.73% 16.33% 14.87% 13.27% 12.29% 11.75% 
18/09/2015 15.77% 19.29% 18.19% 16.66% 15.16% 13.88% 12.84% 12.07% 
21/09/2015 15.76% 18.70% 17.52% 16.24% 14.59% 13.14% 12.15% 11.40% 
22/09/2015 15.77% 19.94% 18.58% 16.92% 15.18% 13.89% 12.55% 11.89% 
23/09/2015 15.73% 19.53% 18.04% 16.48% 14.83% 13.48% 12.27% 11.91% 
24/09/2015 15.69% 19.85% 18.67% 17.05% 15.22% 14.02% 12.82% 12.37% 
25/09/2015 15.67% 19.95% 18.55% 17.13% 15.55% 14.37% 12.98% 12.46% 
28/09/2015 15.79% 21.53% 19.75% 18.33% 16.58% 15.38% 14.24% 13.70% 
 
Table 11 Local Volatility of Dow Jones (Excerpts) 
Date 155 160 165 170 175 180 
19/06/2015 5.59% 3.95% 3.82% 4.93% 2.04% 2.79% 
22/06/2015 6.03% 6.72% 5.59% 3.86% 3.86% 2.00% 
23/06/2015 9.50% 8.06% 7.90% 6.77% 4.56% 3.89% 
24/06/2015 10.33% 11.63% 8.78% 7.00% 5.79% 4.56% 
25/06/2015 2.79% 3.23% 2.63% 2.50% 1.68% 1.61% 
26/06/2015 12.49% 10.45% 8.01% 7.57% 5.48% 3.76% 
29/06/2015 15.80% 8.74% 9.12% 6.94% 5.42% 4.32% 
30/06/2015 8.93% 6.84% 5.59% 3.72% 3.08% 2.19% 
01/07/2015 12.90% 4.27% 5.20% 3.88% 3.40% 2.49% 
02/07/2015 5.59% 4.56% 3.95% 3.23% 2.28% 1.89% 
  46 
Date 155 160 165 170 175 180 
06/07/2015 2.11% 2.79% 1.72% 1.32% 1.38% 0.89% 
07/07/2015 9.94% 7.03% 5.43% 4.42% 3.53% 2.73% 
08/07/2015 11.85% 6.72% 5.85% 5.45% 4.01% 3.23% 
09/07/2015 13.87% 7.68% 7.21% 5.82% 4.35% 3.47% 
10/07/2015 11.17% 10.50% 8.36% 9.24% 5.18% 4.49% 
13/07/2015 21.15% 7.81% 7.79% 8.53% 4.48% 3.84% 
14/07/2015 6.03% 9.68% 3.72% 2.38% 4.93% 1.61% 
15/07/2015 8.53% 3.95% 3.53% 2.99% 1.02% 1.32% 
16/07/2015 4.16% 5.10% 2.63% 2.28% 1.08% 1.59% 
17/07/2015 5.10% 4.56% 3.53% 2.94% 2.17% 1.86% 
20/07/2015 12.70% 10.20% 6.57% 7.50% 4.89% 4.00% 
21/07/2015 12.63% 12.35% 8.43% 7.12% 6.03% 4.59% 
22/07/2015 10.86% 9.40% 7.33% 6.34% 4.76% 3.37% 
23/07/2015 15.64% 8.83% 7.81% 7.32% 5.01% 3.58% 
24/07/2015 12.90% 8.64% 7.61% 6.27% 4.73% 3.52% 
27/07/2015 4.08% 3.82% 2.79% 2.55% 1.44% 0.81% 
28/07/2015 16.29% 9.03% 7.90% 6.84% 4.82% 3.39% 
29/07/2015 7.21% 7.21% 5.03% 4.56% 3.23% 2.40% 
30/07/2015 5.89% 6.45% 3.66% 3.40% 2.63% 2.03% 
31/07/2015 18.25% 6.08% 10.03% 5.10% 4.27% 3.15% 
03/08/2015 12.28% 6.58% 5.70% 5.04% 3.90% 2.94% 
04/08/2015 3.95% 3.23% 2.63% 2.04% 1.72% 1.49% 
05/08/2015 8.12% 5.59% 4.88% 3.88% 2.79% 2.04% 
06/08/2015 8.69% 6.84% 5.97% 4.67% 3.58% 2.59% 
07/08/2015 10.20% 6.45% 5.97% 4.56% 3.25% 2.43% 
10/08/2015 4.84% 4.56% 3.23% 2.63% 1.93% 1.39% 
11/08/2015 10.54% 6.68% 6.34% 4.89% 3.66% 2.66% 
12/08/2015 7.94% 1.44% 3.94% 1.02% 0.85% 0.97% 
13/08/2015 5.35% 4.56% 3.66% 2.57% 1.76% 0.81% 
14/08/2015 7.39% 6.29% 5.03% 4.02% 2.53% 1.70% 
17/08/2015 4.56% 3.53% 2.94% 2.15% 1.45% 1.00% 
18/08/2015 11.85% 6.72% 5.97% 4.81% 3.40% 2.44% 
19/08/2015 14.43% 11.17% 9.12% 7.83% 5.04% 3.48% 
20/08/2015 14.37% 13.94% 9.89% 8.06% 5.64% 3.88% 
21/08/2015 34.59% 7.75% 9.44% 6.22% 4.47% 3.42% 
24/08/2015 10.09% 8.35% 7.01% 5.24% 3.59% 2.76% 
25/08/2015 4.81% 3.77% 2.77% 1.74% 1.01% 1.04% 
26/08/2015 11.17% 10.20% 7.85% 5.92% 4.37% 3.35% 
27/08/2015 13.81% 7.14% 6.53% 5.18% 3.62% 2.65% 
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Date 155 160 165 170 175 180 
28/08/2015 3.45% 3.23% 2.17% 1.60% 0.95% 0.94% 
31/08/2015 18.39% 7.28% 6.77% 5.27% 3.39% 2.78% 
01/09/2015 7.11% 5.49% 4.86% 3.87% 3.03% 3.06% 
02/09/2015 7.09% 4.89% 3.72% 2.66% 1.63% 2.38% 
03/09/2015 6.72% 4.93% 4.01% 3.03% 2.28% 1.70% 
04/09/2015 3.40% 3.04% 2.30% 1.65% 1.04% 0.52% 
08/09/2015 3.95% 2.63% 1.68% 0.38% 1.09% 1.43% 
09/09/2015 6.25% 5.59% 4.47% 3.46% 2.88% 2.47% 
10/09/2015 5.17% 3.82% 3.14% 2.25% 1.55% 1.36% 
11/09/2015 2.63% 1.77% 1.32% 1.00% 0.49% 0.64% 
14/09/2015 5.59% 4.33% 3.48% 2.42% 1.78% 1.32% 
15/09/2015 8.36% 6.80% 5.42% 3.77% 2.44% 1.75% 
16/09/2015 2.63% 1.14% 1.38% 1.42% 1.39% 1.39% 
17/09/2015 9.94% 7.60% 5.80% 4.46% 2.94% 2.42% 
18/09/2015 6.14% 5.48% 3.84% 3.15% 2.55% 2.21% 
21/09/2015 3.23% 2.57% 2.24% 1.74% 1.38% 1.44% 
22/09/2015 6.79% 5.30% 3.99% 2.81% 2.28% 1.80% 
23/09/2015 5.45% 3.72% 2.89% 2.15% 1.71% 1.22% 
24/09/2015 2.38% 2.50% 2.10% 1.64% 1.77% 1.37% 
25/09/2015 5.10% 3.95% 2.86% 1.72% 1.20% 0.46% 
28/09/2015 7.00% 4.33% 3.90% 2.82% 2.60% 1.71% 
 
Technical notes and software scripts used in the research: 
MatLab scripts for accuracy enhanced pricing model: 
clc 
clear 
close all 
%% Preparing the raw data 
% Importing the raw data of options on Dow Jones index 
DJ20151219 = xlsread('DJ112'); 
S = DJ20151219(:,2); 
% Calculating the daily return the index 
r = diff(log(S)); 
num = numel(r); 
% Setting the return distribution 
cdfvalue = ones(num,1); 
for i = 1:num 
    cdfvalue(i,1) = i/num; 
end 
distribution = [sort(r),cdfvalue]; 
%% Setting the parameters of the distribution 
DJ20151219 = xlsread('DJ112','DJ20151219'); 
[row,c] = size(DJ20151219); 
  48 
S = DJ20151219(1:237,2); 
t = DJ20151219(:,3)/365; 
r = DJ20151219(1:237,4)/100; 
K = DJ20151219(1:243:end,10)'/1000; 
CallPrice = ones(237,8); 
PutPrice = ones(237,8); 
sig = DJ20151219(12:243,5); 
% Putting in the improved Black-Scholes Model with real return 
distribution 
for i = 1:8 
    for j = 12:237 
        lnsk = log(S(j,1)/K(1,i)); 
        judge = lnsk/t(j,1)/365; 
        norm = normcdf(judge); 
        [v,newrow] = min(abs(distribution(:,2)-norm)); 
        lnsk = distribution(newrow,1) * t(j,1) * 365; 
        d1 = (lnsk + t(j,1) * (r(j,1) + 0.5 * sig(j-
11)^2))/(sig(j-11) * sqrt(t(j,1))); 
        d2 = d1 - sig(j-11) * sqrt(t(j)); 
        [v,newrow] = min(abs(distribution(:,1)-d1/100)); 
        Nd1 = distribution(newrow,2); 
        [v newrow] = min(abs(distribution(:,1)-d2/100)); 
        Nd2 = distribution(newrow,2); 
        CallPrice(j,i) = Nd1 * S(j,1) - Nd2 * K(1,i) * exp(- r(j) 
* t(j)); 
        PutPrice(j,i) = (1 - Nd2) * K(1,i) * exp(- r(j) * t(j)) - 
(1 - Nd1) * S(j,1); 
    end 
end 
 
 
 
